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Candidates will be assessed on their 3 best answers from Section A and their 
2 best answers from Section B. 


Section A 


1. Show that the function 


d? 


w = J 

0 ( 1 -?") 

maps the upper half-plane {im z > 0} onto a rectangle in the w-plane. 

Using the fact that if f(z) is analytic in a domain D containing a curve 

C, then the length of the image of C is J | f 1 (z) | |z| show that the 

C 

rectangle above is a square of side 

1 jV^i-tf^at. 

2 0 


Copyright © 3 987 The Open University 


SUP 15422 9 



2. From Green's lemma show that if 9 ^ (u(0),v(0))(O<0<2* ) is a simple 

closed curve in the positive direction, then it encloses a domain whose 
area is 


a = i /'(urn 

2 v 1 do 


™> 


Hence, or otherwise, show that 


0 (cose + | cos2 0, sin<9 + ^ sin2i9 ) (0<<9<277 ) 


3 7T 

is a simple closed curve enclosing a domain of area —. 


3. Consider the differential equation 

a w^ n ^(z) + ... + a 7 w (z) + a. = 0 
n 1 0 

where the a, are constants and a 0. If a + ... + a e + a n = 0 has 
k n n 1 0 

distinct roots ..., ^ to show that given any solution w(z) of the 

differential equation that is analytic in a neighbourhood of z = 0, 

there are constants c,, ..., c such that 

1 n 

n ( z 
k 

Find the general solution of 

III ft I 

w (z) - w (z) + w (z) -1=0. 


w(z) = 


X c 

k = l 


n 



4, Solve, using the Laplace transform, 


Y + w Q y = sin w t (t>0), 


where w,w^ are real constants with w * w^ and y(0) = y (0) = 0 and 


y(t),y (t) behave suitably as t -> <x>. 


Deduce the solution when w = w^ & 0. 


5. Suppose that f(t) is bounded for 0 < t < <x> and 


f (z) = ) a z (|z|<1). 

8 k 


Show that as x ■> oo through real values, 

oo oo k ! a, 

/« f “> dt ~ X -r+t 

0 k = 0 x 


6. If P (x) is the nth Legendre polynomial show that 


1 

£ log(1-x)*P (x) dx 


2 

n(n+l)" * 


3 





S ection B 

7. Consider the equation 

2 

v u = <p 

for u in the unit disc, where <p is harmonic and real-valued. By 
considering the form of 4> and the form of the Laplace operator in 
polars show that there is a function harmonic in the disc such that 

u-r^s? satisfies Laplace's equation. Hence show that any solution u is 
of the Goursat form, 


u(z) = Re[z f(z) + g(z)], 
where f(z),g(z) are analytic in the disc. 

8. Show that the general solution of the differential equation 


d y 1 

1 + r xy = 0 


dx 


2 3 


is 


y = \/x {A J (< ) + B J_ 1/3 U )}, 


2 4x 

where £ = —- and A,B are arbitrary constants 




9. 


Using the Laplace transform solve the Abel integral equation 


t 


y y< u > du 
0 (t-u)° 


( 0<a <1) 


for y. 


4 


10. Use the method of steepest descent to show that if C is any simple 

closed contour round the origin in the positive direction and n is a 
positive integer, then 


I 

n 


(x) 


JT 



2 n i 


r -n-1 

J * 


c 




a? 


as x -> oo 


X 


e 

\/2n X 

through real values. 
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section number. 

1. From JWD, §6.5 and the discussion on pp.264-265 one sees that z t* w(z) 
maps {Im z>0} onto a quadrilateral each of whose angles is i.e. onto 
a rectangle. 


The segments [-1,0],[0,1] in the z-plane map onto adjacent sides of the 
rectangle and these sides are of lengths 


f dt r 

-i [|tid-t 2 )] 1/2 


dt 


0 [t(1-t 2 )] 1/2 


respectively, since 


dw 


dz | ,, 2 . 1/2 * 

|z(l-z )| 

These two integrals have the same value and so the rectangle must be a 
square. 


Putting t = u one sees that the length of side is 
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dt 


0 [t(l-t 2 ] 1/2 


J 


1 du 


0 u 1/4 (l-u) 1/2 2 u 1/2 

1 

J 


du 


2 J 3/4 1/2 

0 u (1-u) 


in JWD, Theorem 3.1.2 take P(x,y) = - y, 0 ( x ,y) = x and then 

J - y dx + x dy = 2JJ dxdy = 2A, 
c R 

where A is the area of R. if c is parametrised by 
t » (x(t) f y(t))(a < t < b), then / 


J -ydx 4 - xdy = J [ -y (t) dx(t) x d y( fc ) 


dt 


+ x(t) 


dt 


] dt 


c a 

and the result in the first part of the question follows 
notation. 


in s 


For the curve of the second part of the question note that 

u(0 ) + i v(0 ) = e 1 ^ + | e 219 


and 


(e 



1 

2 


2 i(9 



= (e 


10 1 15 1 1 ^i 

- e )[1 + -(e 


i 6 


+ e 


)] 


For 0 < 0 if 0 2 < 2n , 




B ^ and 


1 


+ 




0 




Therefore the curve is simple. 


different 


2 


Now 


u(<? ) = cos<? 

1 

+ 2 

COS26> , 

u' (0 ) 

v{0 ) = sin 0 

1 

+ — 
2 

sin26> , 

v' (0 ) 


and so 

2 n 
0 


-i 

1 r r 1 1 
= - J [cos# + - cos20)(cose + cos2<9 ) + (sintf + - sin20)(sin0 + sin20)] 


do 


1 , 7T 7r 

= 2 ( ' + 2 + ' + 2 > 


3^ 

2 7 


where we have used the orthonormal properties of sine and cosine as 
given in JWD, p.351. 


fk) k f n z 

3. If w(z) = e , then w (z) = e and so 


.(n) 


? o z 


a n W + + a 0 = <Vo + + a 0 )e = 0 


provided f ^ is a root of a^? + ... + a = 0. From the hypotheses of 


f k Z 


the question it follows that e (l<k<n) are solutions of the 
equation. 


Let w(z) be a solution that is analytic at z = 0 and consider the 
equations. 




3 



w(0) 


= C + . . . + C 
i n 


w (0) = Cf + ... + c c 

11 n' n 


w (0) = C.?+...+ C <r 

11 n n 


for the ’unknowns’ C ± , . .., C^. The determinant of the system is 


n+1 


2 

n+1 


n-1 


= ± 


* 0 , 


11 


1<j<k<n 


J k 


since the are distinct. Hence we can solve for c,, 
this solution consider 


f - . . , C and with 
-i- n 


W(z) = w(z) - J c e 


? k Z 


k = l 


Now W(z) is a solution of the equation and W^ k ^(0) = 0 for 
0 < k < n - 1 and so ^(0) = 0. Also, differentiating. 


a n w(n+1) (2) + ... + a l W (2) (z) = 0 


and so W (n+1) (0) = 0? and hence W (k) 


(0) - 0 (k>0) . Therefore 


,(k) 


w(z> = y — — (0) z k = 


Z E 0 


and 


w (z) = l C e 


? k 2 


k = l 


4 



For the second part of the question note that 


3 2 2 

f - ? + ( ~ 1 = (f-l)(? +1) 


= (f -1) (f-i ) (? +i) 

and so the general solution in this case is 


C 1 + S e 1Z ♦ C 3 


or 


A e + B cosz + C sinz. 


4. Taking the Laplace transform of the equation we have 


" -st 2 . 

[ Y (t) e dt + w Y(s) = f sin w t* e S dt 

0 0 


__ g 

where Y(s) = J y(t) e dt is the Laplace transform of y(t) 
0 


Also 


— cf • _ef 

J Y (t) e dt=y(t)*e 
0 


00 00 


+ s J y (t) e St dt 
0 0 


= s*y(t) e 


-st 


oo _ oo 


+ s 2 « J y(t) e St dt 
0 0 


= s Y(s); 

and, by JWD, Example 9.1.1, 


r • . -st,^ w 

sinwt e dt = - 

J _ 2 2 
0 s +w 


Hence 


Y (s) = 2 2 2 2 

(s +w Q )(s +w ) 


/ 


w [■ 1 


2 2 2 2 2 2 
W -Wg s -w s +w 


]. 
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Inverting and noting Example 9.1.1 we obtain 


Y(t) = 


W r 1 . . 1 . 

2 2 L ^T Sinw 0 t " w Sinwt] 

— T.7 n U w 


w -w Q o 


Consider, finally, 


Y(t) = 


w+w. 


1 . 1 

sinwt - - sinw t 

w w Q o 

w-w_ 


and let w w Q to obtain 


y(t) = I ( l sinwt > 


w=w. 


_ _ 1 tcoswt sinwt 

n ' ~ “ --- 


2' w 


w w=w. 


. sinw t tcosw t 

1 /__ 0 

2 v 2 


w 


0 


0 


as the solution when w = w * n 

0 


5. Consider 


J e 
0 


-xt 


f(t) t - ( J + J ) e Xt f(t) at. 


where . > 0 is -small’, if |f (t )| < M (t > 0) then, for x > o, 


r -xt _ 

J e f(t) dt 


< M. J e Xt dt 


Also 


M e 


-E X 


J e- xt f(t, dt - l a /V xt t k dt 

0 k = 0 0 


-xt 


N 


M* (£(t) - J_a k t k ,at 


k = 0 


6 


Assume that the radius of convergence of the series for f(t) exceeds 2 
and then, by the properties of power series, 


|f(t) ~ 1 a k 

k = 0 K 


N+l 


(0<t<e ). 


Consequently, for x > 0, 


jV Xt (f(t) - J a t k , 

0 k = 0 


. r ~Xt , N+l , 

dt < K(e)• J e t dt 


K(er ) r -y N+l 

= ~m2 J e u du 

x 0 

K(e)•(N+l)! 


N+2 


We have as well, for x > 0, 


J e~ Xt t k dt = J e‘ xt t k dt - r e~ Xt t k dt 
0 0 


and 


r _xt k! 

J e t dt = 

0 


k+1 ' 


£X xt 

2 „°° 2~. k 


J e Xt t k dt < e z J e Z t K dt 
£ 0 


c x 

2 2 k + 1 
= e • k ! (—) 
x 


From the above we see that, for x > 0, 

00 _ V 4 . N k ! a, 

J X L - „ 

e f(t) dt = J 


0 


k = 0 x 


i—— + R , 
k + 1 N 


7 



where 


ip | ^ Me £X K (e ) • (N+l) ! ? ? k+1 

|R n' * IT- + -N +2 ~ + < 1 Ia.|). 

x k = 0 k 


£ X 
2~ 


^ ' N+ 2 ^ (x ->• c©) . 


Therefore result follows. 


6. From Rodrigues' formula, JWD, p. 319 , 


J log(l-x,.P n (x)dx = -i- / log,l-x, (x 2 -l) n »dx. 

2 n! -1 dx 11 

Integrating by parts 

J log(l-x).l— (x 2 -l) n .dx = log (1-x) •—--(x 2 -l) 

-1 dx n-l 


r 1 1 d n 1 2 n 

,l=i 7Tw (x _1) * dx 

-1 dx 


1 . .n-l 

f _ 1 d , 2 , % n. 

J ,I=Z 7Tw (x _1) dx 

-1 dx 


.n-l 

because of the zeros of --(x 2 -!) 11-1 at _ . 

d n-l 1 ; at x - ± l. Integrating 


again 


by parts 


r Id 2 n 1 2 o 1 1 1 

f ^ ~ n-l (x ~ 1) dx = — ^ZJ< X _1 ) n 

-! dx 1 x dx n - 2 


‘ J 


i ,n-2 
Id 2 


-1 -1 (1-xT dx 


2 7^2 (X ~ 1) ' dx 


= - J 


1 1 d n ‘ 2 2 „ 

— 2 >—rjfx - 1 ) dx. 


“1 (1-X) dx 

Continuing in this way we eventually obtain 


1 i .n-l 

1 d 


r Id 2 n r» — i 1 

J .I=^ 9 T~K=i lx -1) ,dx = (- 1 ) (n-l)! r —— 

-1 dx J . 


"I (1-x) 


, 2 n . 
■(x -1) dx. 
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Since (x ? -l) n = (x+1) n .(x-1) n = 


(-1) •(x+l) n (l-x) n we see 


rid z n 

J t K 7T^I (X _1) dx 

-1 dx 


- (n-1)! J (x+l) n dx 
-1 


= ~ (n-1)! 


(x+1) 


n+1 


n+1 


-1 


= - (n-1)!• 


.n+1 


n+1 


Therefore 


1 

J log(1-x) P (x)dx 
J , n 


-(n-1)! 2 


n+1 


„n 
2 n! 


n+1 


2 

n(n+l) 


7. 


In polars the Laplace operator is given by 


V 2 n = ^Ji+i^L + I_^Ji 

2 r dr 2 2 


dr 


r de 


In the unit disc 


id 


<P (re ) = Re [ h( z ) ] 


for some analytic function h(z) = £ a^re 1 ) , with z = r 


• • if) 

Similarly consider <?(re 


Re[H(z)] with H(z) 


A k (re 


Now 


2 , 2 

V (r £>) 


— (2rc? + r — + - (2r«? + r 2 —) + d —^~ 
3r r dr' r 

de 


dr 


2 2 
, 2 d c? „ d<? d jp 

= 2«P + 4r — + r —- + 2<P + r — + -—— 
5 r 2 dr 2 


dr 


de 


that 


id 

e 



I 


9 



oo 


r 2 d* + 5r i*. + 2 « + »*• 


dr 


dr dr 2 * 

dd 


id . k 


Re [V k(k 1) A^(re )* + 5 J kA k (re i<? ) k + 2 J A ( 


re 


ifl 


k = 0 


r - 2 i# 

- £ k A (re 

k = 0 


Re [ £ (4k+2)A (re 10 ) k ]. 
k=0 k 


Therefore if we define A R = (k>0) we obtain a harmonic function # 

such that 


2 , 2 

V (u-r <P) = <t> - $ = Q 


and so u r 0 is real harmonic in the disc, 
analytic in the disc so that 


There is a function g(z) 


Also 


u - r d> = Re[g(z) ]. 


2 2 

r * = Re[r H(z)] = Re[z*zH(z)] 


and so f defining f(z) = zH(z), we find that 


u = Re[zf(z)+g(z)]. 


8. Let y(z) = s/x u(x) and then 

1 - 1/2 


y (x) 


2 x 


u(x) + x 1/2 u (X), 


1 „-3/2 
4 


y (X) = - i x j/ ^u(x) + X 1/2 u (X) + x 1/2 u"(x) 


Hence 


4 x 3/2 u(x) + x 1/2 u (x) + x 1/2 u"(x) + | x 3/2 u(x) = 0, 


10 



i. e. 


1/2 " - 1/2 ' 13/2 
x u (x) + x u (x) + (i x X 


1 -3/2 v 

4 x )u(x) 


= 0 


2 4x 

Now let £ = —— and set 

2 l 


u(xU )) = v({ ). 
Then 

du _ d$ dv 
dx “ dx d$~ 


- _L_ v !/ 2 dv _ 3 ,27 

cU 


1/6 


/27 


/2 7 


i/3 dv 
d< ; 


d u _ 3 -1/2 dv 9 d v 

df + 27 x T7T 


dx 2/27 


d£ 


— t —) 1/6 {' 1/3 — + 9 ( 27 ) V3 f 2/3 d2v 


2/27 d£ 2 ? 4 

Therefore v(£) satisfies the equation 




2 * 


27 


1/6 


1/3 r 3 4 


1/6 


<57> «‘ 1/3 v' + I* ,4^» ' < 2/ V} 


9 .27. 1/3 2/3 " 


2/2 7 


27 4 


4 -1/3 3 27 1/3 ' 

+ ,_> { (|I) e 1/3 v 

/2 7 


and so 


r l 27 1//2 1 4 1 ^ 2 -1 

+ { 3 ( 4~ ) " V { 27 ] }v = 0 


1/2 


1/2 


(iZ) ' .« v " + v‘ + | <£!)"' "{* - f.±^ e _1 } v = 0, 

2/27 34 4 27 


27 4 


1 . e. 


2 " 1 2 1 

? v + £v + ($ ~ (r) )v = 0 


This is Bessel's equation of order - and has the general solution 


VU } = A J 1/3 U } + B J -1/3 U) * * 


11 



Consequently 


Y = Vx.v«) = (A J 1/3 ({) + B J_ ({))• 


9. Note that the integral is the convolution of y and i a and so the 


Laplace transform of the integral is 


L[y]*L[t ] = Y(s). } t “ e St dt (s>0) 

0 


= X(s)*-1 — f u (1 “> 1 e' u du 
s 1_ “ o 


= r(s) 


/d-») 

1 -a 


Since 


Jte dt=i—f ue U du = — 

A A 0 


s 2 o 


it follows that 


Y(s) = 


1 1 


r (1— a ) 1+e* 

S 


For 0 > - 1, 
0 -st 


1/ * = 4+s- J S •■V 


1 +/? „ 

s M 0 


rq+0) 

s 1+ ^ 

and so taking 0 = a we'see that Y(s) is the transform of 


y(t) = 


r (1—a) r(l+a) 


1 .t\ 


12 


10 . 


Consider the method of steepest descent as described in JWD, p.453. in 
the notation used there 


h(f )=!<{- i) 


and 


h <? > = |d + ~) 


so that the saddle points occur at f = ± i. A1 


so 


at f = ± i. Now 


Im[h(? ) ] = 


\ Re ^ - 

If I 2 


- - :Sr> 


It I 


= 0 


(f =i +i»7 ) 


i n 2 -i 

it i 2 it i 2 

and so one sees that the steepest descent curve at f = ± i is the v~ 
axis or the unit circle. One hopes to be able to take the unit circle 
since the integral allows such a choice for C, by Cauchy's theorem; and 
since x -> oo we hope to be able to pick whichever one of? = j., f = _ i 

is appropriate. Now if we put ? = ± i , then 

i. 1. i . . i<t> 1 

2 (? ' f> ‘•S' 1 e ’ T-I? ) 

ie 

i</> -i0 

- e +e 


= + cos0. 

Therefore when x -> oo one see that ? = - i is the right choice. 
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Consider therefore C to be given by f = - i 
Then 


. n 
-in- 


V x > 


2 n i(n+l)^ 

2 __ J e 2. e -<n+l>*. e xco*. e * 


_ 1 r -ni^ xcosrf>, 

- 57 J e -e 


— J (cosn</>-i sinn <t>) e XCOS(p d<f> 


= 27 J cosn< £ e 0 d</> 

0 •_ . , xcos<t> 

Since sinn^e is an odd function of Hence 


Z n (x) = ; J cosn<A.e XCOS 0 d 0 
0 


since cosn^'e 
obtain 


xcos^ , 


is an even function of <f>. Put cos0 = q - t and we 


V x) = 7 J p(t) 


x(l-t) dt 


J2fy/1- - 
2 


where p(t) is a polynomial in t and p(o) = 1. Hence, as x * 

- 00 

V x) ~ 72T7* eX J fc 1/2 e Xtd t 


T , OO — —1 

_ 1 X 1 2 -U 

-*e •— J u *e du 

J2 JT Jx 0 


ni)-e X 


\/2*n »v/x 


\J 2jt 


; ince T(-) = V,t(jwd, p.198). 
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